We study the probability of formation of ferromagnetic string in the antiferromagnetic spin-1/2 XXZ chain. We show that in the limit of long strings with weak magnetization per site the bosonization technique can be used to address the problem. At zero temperature the obtained probability is Gaussian as a function of the length of the string. At finite but low temperature there is a crossover from the Gaussian behavior at intermediate lengths of strings to the exponential decay for very long strings. Although the weak magnetization per site is a necessary small parameter justifying our results, the extrapolation of obtained results to the case of maximally ferromagnetic strings is in qualitative agreement with known numerics and exact results. The effect of an external magnetic field on the probability of formation of ferromagnetic strings is also studied.
Introduction
Antiferromagnetic spin-1/2 XXZ chain is the first integrable model known to be solvable by means of Bethe Ansatz [1, 2] . It is described by the Hamiltonian 
where J > 0 is an exchange integral, ∆ is an exchange anisotropy, and summation is taken over lattice sites of an infinite spin chain. In our notations the particular values ∆ = +1, 0, −1 correspond to isotropic antiferromagnet, XY magnet, and isotropic ferromagnet respectively. It is well known [3] [4] [5] that for −1 < ∆ < 1 (so-called critical regime) the spectrum of excitations around the ground state is gapless and spin-spin correlation functions decay with the distance as a power law. In this paper we consider only the critical regime −1 < ∆ < 1.
Although thermodynamic properties of such a spin chain are well understood [4] , the exact calculation of correlation functions is a long-standing hard problem (see [3] and references therein). Correlation functions in the model (1) (as well as in other integrable models) in thermodynamic limit can be represented as combinations of minors and determinant of Fredholm operator of a special form [integrable integral operator]. From the point of view of this determinant representation the simplest and the most fundamental object is not a correlation function of local fields which is given by minors of Fredholm operator, but rather a probability P n of spontaneous formation of magnetization on some space interval (ferromagnetic string) of the length n which is given by the determinant of that operator. This probability was first introduced in [6] (see also [3] ) as "emptiness formation probability" or "probability of formation of ferromagnetic string" (PFFS). It is given by
where β = 1/T is an inverse temperature and Z = Tr e −βH is a partition function of a spin chain (1) .
Another approach to correlation functions was developed in Kyoto [9] . In this approach correlations were represented as multiple integrals. Analysis of these integrals also shows that PFFS is the simplest correlation function.
Unfortunately, both determinant and multiple integral representations of correlation functions grow extremely complex with the increase of the length of a ferromagnetic string. So far the PFFS was calculated exactly by means of multiple integral representation only up to the length n = 5 [10] . Numeric results known for this probability suggest [10] that the asymptotic behavior is Gaussian P n ∼ e −αn 2 at zero temperature. At the moment there are only two exact results known about the large n behavior of P n . In both cases the Gaussian behavior is obtained for P n at large n. The first case is an XY spin chain (∆ = 0) which is equivalent to free lattice fermions. In this case an alternative determinant representation for P n is available which allows to calculate PFFS exactly for any length of the string [11] . The large n asymptote of PFFS is Gaussian (see [11] 
Another important example is XXZ spin chain at ∆ = 1/2 . In this case PFFS is also known explicitly [12] (although it is still a conjecture). In this case the large n behavior is again
On the other hand there is a relatively simple and very powerful method of calculation of asymptote of correlation functions for XXZ spin chains. It is a combination of bosonization technique and Bethe Ansatz (for review and references see [5, 7, 8] ). Namely, at large distances (in the continuum limit) the XXZ spin chain is equivalent to a free boson theory with parameters (e.g., compactification radius of bosonic field) which can be determined exactly from Bethe Ansatz results for thermodynamics of the chain. This approach was successfully used to calculate the long distance asymptotes of local spin-spin correlation functions in spin chains [5, 7, 8] .
In this paper we apply the bosonization technique to study PFFS on the background of an antiferromagnetic spin chain in the limit of the large length n of the string.
First, we give a qualitative argument in favor of the Gaussian decay of PFFS at zero temperature. We are looking for optimal space-time configuration of spins (instanton) which costs the least action but gives the maximal magnetization of the string of the length n at some moment of time. We use two assumptions. First, we assume that the effective theory describing spin chain is Lorentz invariant at large distances (it is actually anisotropic but scaling of space and time is the same). Second, the extra cost in action of having ferromagnetic state is constant per unit space-time area. This is a consequence of the first assumption and the fact that the cost of energy is constant given by exchange integral per lattice spacing. We conclude from these two assumptions that the optimal instanton has a shape of a circular (elliptic) droplet of the area ∼ n 2 with constant action cost per unit area. This immediately gives the minimal action ∼ n 2 and P n ∼ e −αn 2 at zero temperature. The fluctuations around the found optimal configuration can only change pre-exponential factor but not the value of exponent itself. At finite temperature we expect similar behavior when the length of the string is much smaller than an inverse temperature (properly rescaled to spatial units). On the other hand, in the limit of long strings one of n's in the action of instanton is replaced by the inverse temperature β ("time" is finite and instanton has a size n × β. This will produce P n ∼ e −γn -well known result [3] with γ proportional to the density of free energy of an antiferromagnetic state.
Unfortunately, bosonization is not directly applicable to finding PFFS -the probability of formation of maximally ferromagnetic string. The reason is that the maximal magnetization corresponds to the large (compared to an inverse lattice spacing) gradient of the bosonic field which violates the continuum ap-proximation. It turns out, however, that one can use this technique to find the probability of formation of weakly ferromagnetic strings. For weakly ferromagnetic strings our calculations justify the qualitative argument in favor of Gaussian decay given above and the obtained results are in qualitative agreement with numerics [10, 13] and exact results [11, 12] for the strings with maximal magnetization.
In Sec. 2 we briefly review the well known results of bosonization of XXZ spin chain. In Sec. 3 we present our calculation of the probability of formation of weakly ferromagnetic string. We summarize the results of this calculation in Sec. 4 and compare them with available numeric and exact results in Sec. 5. We relegated the calculation in the presence of an external magnetic field and the calculation for strings with uniform magnetization to Appendices A, B.
Bosonization
Bosonization of the continuum limit of XXZ chain gives the action (for review and references see [5, 7] )
where x = j is a continuous coordinate along the chain, and lattice spacing is taken as a unity a = 1, τ is an imaginary time (h = 1), v is a spin wave velocity, and R is a radius of compactification of free Bose field φ: φ ≡ φ+2πR.
The parameters R and v of the model (3) are known exactly from the Bethe ansatz solution of the model (1) [3] 2πR
In the following we put 1 v = 1.
The original spin operators are given in terms of bosonic field as
and z = x + iτ ,z = x − iτ are complex coordinates.
Let us consider a long segment of the spin chain of the length n ≫ 1. The total magnetization of the segment at some time τ is given by m n (τ ) = j σ
The maximal magnetization (ferromagnetic string) corresponds to j σ z j = n. We are looking for the probability of spontaneous formation of the string of spins of the length n and average magnetization per site c (c = 1 corresponds to the maximal magnetization σ z = 1 per site). We require therefore,
Here we denoted the change of the bosonic field as [∆φ] to avoid a confusion with the Laplacian of the same field ∆φ. Notice that the typical value of the gradient of φ along the string is ∂ x φ ∼ cπR.
Bosonization is an essentially continuum approach which is valid only in the limit when ∂ x φ ∼ ∂ τ φ ≪ πR. This requirement gives the condition c ≪ 1 with the original problem of finding the probability of maximally ferromagnetic string to be beyond the range of applicability of bosonization approach.
In the following we assume c ≪ 1 and look for the probability of weakly ferromagnetic strings. The following remark is in place. In contrast to the problem of maximally ferromagnetic string the problem of finding the probability of a weakly ferromagnetic string is not yet completely defined. Namely, one can search for the probability specifying the total magnetization of the string only (7) or one can fix the magnetization profile along the string σ z (x) = cπRf (x) with arbitrary real function f (x) satisfying f (0) = 0 and f (n) = n. In the following we adopt the first interpretation (obviously it is equivalent to solving the problem with given f (x) and then averaging over all f (x)). The problem in the second interpretation can also be straightforwardly solved by presented methods. We consider the particularly interesting case of uniform magnetization in Appendix B. To use the bosonization method one should also require n ≫ 1, i.e., long strings. Finally the free Bose field approximation can be used only at large space-time scales where irrelevant (and marginal irrelevant for XXX case) operators coming from σ z σ z term renormalize to zero. It turns out, however, that this happens at scales of the order of 1 and imposes no additional restriction.
Calculation
The probability to have a ferromagnetic string is given by
where
is given by (6) and
. We represent delta function as
The obtained integral in φ is Gaussian and is determined exactly by its saddle point which can be obtained from
with periodic boundary conditions in time
where w is any integer number (winding number). The expression δ 2 (z − n) = δ(x − n)δ(τ ) denotes two-dimensional Dirac delta function. In this paper we consider only the limit of an infinitely long spin chain. Then, only topologically trivial w = 0 sector will contribute to the probability because the action for the sectors with w = 0 is proportional to the length of the chain. Therefore, we require
Zero temperature
Let us first consider the case of zero temperature β → ∞. Then (12) is irrelevant (instead we require the decay of ∂ µ φ at infinity) and the solution of (10) is given by
and being substituted into (9) gives the Green's function of free boson at zero temperature e −iλφ(n) e iλφ(0) or
where we introduced new notation
and r 0 is some short distance cutoff. This integral is in turn determined by its saddle point
and is given by
Let us now find a short distance cutoff r 0 . On one hand it must be at least bigger than 1 -the lattice scale. On the other hand we can trust our bosonization approach only if ∂ µ φ ≪ πR. From (13) we have on saddle point configuration
This gradient diverges near the ends of the string. At points close to z = 0 (similar for points close to z = n) we have
where r = |z| (or r = |z − n| near the other end of the string). We obtain r 0 from
Using (16) we obtain
We solve the latter equation by iterations and obtain
In (21) In the following we consider only sufficiently long strings n ≫ c −1 ln c −1 and use (21). We find therefore, that bosonization approach is valid everywhere except for the vicinity of the ends of the string which is defined by the radius r 0 from (21) (r 0 ≪ n). Substituting the found value of r 0 into (17) we obtain (we keep only exponential dependence)
Let us now estimate the corrections to our results coming from the vicinities (of the radius r 0 ) of the ends of the string where bosonization approach is not applicable. First of all, we find that the optimal configuration φ 0 is given by (13), (16), and (21) as
We obtain
which satisfies (as expected) the boundary conditions (7) with the accuracy 1/ ln c −1 . We estimate an error coming from the vicinity to the end of the string assuming the maximal gradient
. We obtain that in the phase difference calculations one can neglect the vicinities of the strings with our usual accuracy ∼
Finite temperature
In this section we consider small but finite temperature T such that β ≫ 1 (in full units βv ≫ 1 and one can still use continuum limit and bosonization technique. The only thing which is modified in this case compared to the case of zero temperature is that one should solve the same problem (9) on a cylinder 0 < τ < β with periodic boundary conditions (12) .
Similarly to the case or zero temperature we obtain the equation (10) for the saddle point configuration. With boundary conditions (12) its solution is given by
Notice that in the limit n ≪ β the main contribution to (9) comes from distances |z| ∼ n ≪ β and one can expand hyperbolic sines in (25) obtaining (13). Thus, in the limit of low temperatures we restore the results obtained for zero temperature. For the probability of the string (compare to eq. (14)) we obtain
where we again assumed r 0 ≪ β in treating short distance cutoff. One can easily recognize in the first exponent the finite temperature correlator of free
Bose fields e −iλφ(n) e iλφ(0) . Integral over λ is determined by the saddle point
and we find (similarly to eq.(17))
The gradient of the field
diverges near the ends of the string and we again introduce the short distance cutoff r 0 as the scale such that ∂ x φ 0 (r 0 ) = − iλ 2β coth π β r 0 = πR. In the following we show that r 0 ≪ β. Using this inequality we obtain ∂ x φ 0 (r 0 ) = − iλ 2πr 0 = πR and find
Short distance cutoff r 0 is defined by (30) and (27) as
In the following we are interested in sufficiently long strings n ≫ c −1 ln c −1
and sufficiently low temperatures β ≫ c −1 ln c −1 . It is easy to show that in these limits the solution of (31) satisfies r 0 ≫ 1. Using (31) we rewrite (28) as
Equations (32) and (31) give the probability of weak ferromagnetic string at finite temperature.
We solve (31) by iterations and obtain
Next iterations give corrections which are small by parameter ln πRQ sinh(πn/β) πn/β −1
Using (33) we obtain the leading exponent from (32)
Let us now check that the use of bosonization to derive (34) is justified. Firstly, for bosonization to be applicable the main contribution to the magnetization should come from the scales large than r 0 . Namely, using (25), (27), and (31) we obtain
and magnetization (change of φ 0 ) coming from the scale larger than r 0 and given by (35) is indeed the total magnetization of the string. On the other hand the contribution from segments [0, r 0 ] and [n−r 0 , n] to the total magnetization is of the order of πRr 0 (it is determined by maximal gradient equal to r 0 ∂ x φ 0 ∼ πRr 0 ) and we obtain from (35) the required consistency condition πRr 0 ≪ n Q which together with already used assumption r 0 ≪ β gives
Secondly, calculating the optimal action (the value in the exponent of (32)) we neglected contributions from the r 0 -vicinities of the ends of the string. We estimate that neglected action as r 2 0 (∂ µ φ) 2 ∼ (πRr 0 ) 2 with maximal gradient of the order of πR. It is easy to see that if this consistency condition is satisfied one can neglect this contribution as it is smaller than the action coming from larger distances (πRr 0 ) 2 ≪ n(πRr 0 )/Q.
We conclude that the use of bosonization is legitimate if the consistency condition (36) is satisfied. It is easy to check that the solution (33) indeed satisfies this condition in the limit of sufficiently long n ≫ c −1 ln c −1 strings and sufficiently low β ≫ c −1 ln c −1 temperature. Under these conditions the equation (34) gives the probability of spontaneous formation of a ferromagnetic string of an arbitrary length and at arbitrary temperature. Below we consider two important limiting cases. 
and
Equations (37-38) reproduce the results (21-23) we obtained in the limit of zero temperature.
Very long strings
In the opposite limit of long strings
and obtain from (33,34)
In this limit the probability decays exponentially with the length of the string as it is expected [3] .
Results
We summarize the results of our calculation as
where P n is a probability of finding the weakly ferromagnetic string of the length n and total magnetization m n = cn in an antiferromagnetic XXZ spin chain. The result is valid for small per site magnetization c ≪ 1, long strings n ≫ c −1 ln c −1 ≫ 1 and at finite but sufficiently low temperatures 1/T = β ≫ c −1 ln c −1 ≫ 1 (β is measured in units of 1/v with v from (5)). The large parameter Q = 2/(cπR) ≫ 1 with compactification radius R from (4). In the limit of zero temperature the actual small parameter justifying our calculations is 1/ ln c −1 ≪ 1.
It is interesting to notice from (41) that the crossover from exponential to Gaussian decay of probability occurs not at the scale n ∼ β but at much larger (for weakly ferromagnetic strings c ≪ 1) scale n ∼ β π ln c −1 . There is a simple reason for such a behavior. We fixed only the total magnetization of the string. It turns out that the magnetization is concentrated mostly at the ends of the string, namely, within the distance of n/ ln c −1 to the ends of the string. Therefore, the total length of the string is irrelevant and the crossover takes place only when the new scale becomes of the order of β, i.e., n ∼ β ln c −1 .
We also present in this section the results we obtain in Appendix B (see (B.9,B.11) for the probability of formation of a weak ferromagnetic string with uniform magnetization
The small parameter justifying our calculation in the limit of zero temperature is c 2 in this case. It is much smaller for c ≪ 1 than the parameter 1/ ln c −1 for the case of free string-the string with only the total magnetization fixed.
It is easy to generalize our results to the case when external magnetic field h is present. The results are still given by (41) or (42) with the replacement c →c wherec is given in (A.7) (this replacement means that only the deviation from the background magnetization induced by magnetic field is relevant). Also, all other parameters v, R must be taken from the exact solution in non-zero magnetic field (see Appendix A for details).
Discussion
We studied the probability of formation of ferromagnetic string in XXZ spin chains. The method of continuum bosonization we used is not applicable to the case of a maximal magnetization of the string. However, we were able to obtain the behavior of this probability in the limit of a weakly ferromagnetic strings.
In this limit we have a controllable approximation with a small parameter related to the small per site magnetization of the string. Our main results are presented in (41,42) and in Appendix A in the presence of an external magnetic field.
These results: crossover from Gaussian behavior at low temperatures (short strings) to an exponential decay at high temperatures (long strings) are in qualitative agreement with numeric results [10, 13] and known exact results [11, 12] . We have also presented the qualitative argument in favor of such a behavior in Sec. 1.
Let us now see how far off we are quantitatively. We will try to predict the rate of Gaussian decay α by (illegally) extending our results (42) obtained in the limit of a weakly ferromagnetic string c ≪ 1 with a uniform magnetization to the case of maximally ferromagnetic string c = 1 (which obviously has a uniform magnetization). We choose (42) versus (41) for such an interpolation because we it to be more precise for not very small c because of a milder divergence of the optimal field configuration in the case of a string with a uniform magnetization (see Appendix B).
We take c = 1 (or Q = 2/πR) in (42) and obtain α = π 3 R 2 /8 with the exact value of compactification radius R from (4). This result is qualitatively correct giving α = 0 at R = 0 which corresponds to the ferromagnetic limit ∆ = −1. In this limit we do expect a disappearance of a Gaussian decay of the probability of PFFS (the range ∆ < −1 corresponds to Ising ferromagnetic behavior). However, the exact numeric result is not justified 2 .
We use α = π 3 R 2 /8 with (4) and write
where new parameter δ is introduced so that P n ∼ δ −n 2 . In fact, one can expect any coefficient of the order of one instead of π 2 /16 in (43). In the following table we compare the rates of Gaussian decay of PFFS in XXZ spin chains calculated from (43) with two exact results known for ∆ = 0, 1 2 [11, 12] .
The rate of Gaussian decay P n ∼ δ −n 2 . We see from this table that the agreement is reasonably good even quantitatively. The comparison of (43) with known numerical results [10, 13] obtained for different values of anisotropy ∆ also gives a good agreement (∼ 10%).
We conclude with the remark that in addition to giving an insight to the nature of a Gaussian decay of the probability of formation of ferromagnetic strings in spin models the problem we considered is interesting on its own. For example, there are known systems where the dopant electron propagation is disfavored by the background antiferromagnetic state. In such situations the electron propagation will be assisted by spontaneous formation of ferromagnetic strings. The actual magnetization profile will be determined by the competition between the benefit for the electron propagation and the action cost for the necessary ferromagnetic fluctuation. These are the details of a specific model which will determine the magnetization profile of an optimal fluctuation and a weakly ferromagnetic string is one of the candidates. 
The bosonization of this model gives [5, 7] 
where we again use units in which v = 1 (at the end of calculation h → h/v).
We are going to minimize (A.2) with the condition (7) on the total magnetization of the string. We notice that the change of variables
transforms (A.2) and (7) into (we omit primes and drop an additive constant)
Comparing (6,7) and (A.4-A.7) we notice that the only effect of an external magnetic field on the probability of ferromagnetic string (41) is just some effective renormalization of parameter c as well as the renormalization of R and v. The renormalization of the parameter c has a very simple physical reason. An external magnetic field results in the uniform background magnetization h/(π 2 R 2 ). The effective renormalization (A.7) means that for the probability of the string it is the deviation of magnetization from the equilibrium one which is relevant. The dependence of parameters v, R on a weak 3 magnetic field is also known [3] from the Bethe Ansatz solution.
B Ferromagnetic strings with uniform magnetization
The probability of formation of a weak ferromagnetic string is given by the minimum of action (6) with corresponding boundary conditions on Bose field φ(z). In Sec. 3 we used (7) as a boundary condition fixing, therefore, only the total magnetization of the string. It is straightforward to minimize (6) with an arbitrary given profile of magnetization along the string. To find such a minimum one should solve a two-dimensional Laplace equation (obtained by variation of (6) with respect to φ)
with periodic boundary conditions
and magnetization profile defined by
Here as usual Q = 2/(cπR). f (x) is an arbitrary (real) function satisfying f (0) = 0, f (n) = n so that the total magnetization of the string is cn and magnetization profile of the string is given by σ z (x) = c∂ x f (x). It is easy to check that the solution of Dirichlet problem (B.1-B.3) is given by
Indeed, it obviously satisfies Laplace equation and periodic boundary conditions. For real z = x with 0 < x < n the only real contribution to the integral can come from the half of the residue at s = x which gives (B.3). In the following we restrict ourselves to the simplest case of a uniform magnetization f (x) = x along the string. In this case we have
In the limit of zero temperature β → ∞ the solution of (B.1,B.5) is given by (one can either check it directly or obtain it from (B.4))
We shift the position of the string for notational convenience to −ñ < x <ñ withñ = n/2 and obtain
One can recognize in (B.7) the solution of a very well known problem of twodimensional electrostatics. Namely, it is easy to see that φ 0 is the potential created by metallic rod of the length n inserted in the uniform electric field. We have for the gradient of the field
The action of the optimal configuration φ 0 is given by a convergent integral
Finally, we obtain the leading contribution to the probability of uniformly ferromagnetic string P n ∼ e −S(φ 0 ) as P n ∼ e −αn 2 , (B.8)
We see that α for the string with uniform magnetization is much bigger 4 than the one for a free string (with only total magnetization fixed) and corresponding probability decays much faster.
The solution (B.7) is diverging near the ends of the string. This divergence is milder than the one for a free string (∂ µ φ 0 ∼ r −1/2 instead of r −1 ). Therefore, we expect bosonization to work even better in this case. Indeed, the estimate for r 0 (∂ µ φ 0 (r 0 ) ∼ πR) gives r 0 ∼ c 2 n. Therefore, the short distance cutoff is defined as r 0 = max 1, c 2 n .
We see that for large strings n ≫ c −2 the action coming from the r 0 vicinities to the ends of the string is ∼ (πRr 0 ) 2 = c 2 n 2 /Q 2 ≪ αn 2 and the small parameter justifying the use of bosonization is c 2 (compare to 1/ ln c −1 in the case of a free string). Therefore, if one is trying to interpolate (illegally) our results to the case of the maximally ferromagnetic (c ∼ 1) string one should use (B.8,B.9) instead of (38).
It is also easy to obtain from (B.4) (f (x) = x) the solution φ 0 for for the optimal configuration in the limit of high temperature (very long strings). In this limit the main contribution to the action comes from φ 0 (z) ≈ 2x/Q when 0 < x < n so that S(φ 0 ) ≈ 2βn Q 2 which gives P n ∼ e −γn , (B.10)
It is not a surprise that this result is identical to (40) obtained for the free string. When string is very long the main contribution comes from the part of the solution which is linearly growing with distance and is uniform in time direction. There is also a difference with the case of a free string in that the crossover from the Gaussian to the exponential behavior of P n occurs at n ∼ β (not n ∼ β ln c −1 as for the free string). The reason is the much milder divergence of the solution in the case of a uniform string.
